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FOREWORD

Much has been said and done recently in connection with
the study by Harbridge House of economic inventory policies
(EIP). Since the prineiple of balancing holding cost against
order cost so as to minimize total cost makes good sense,
these policies are being implemented by the Army at its
posts, camps and stations.

The next logical step then is the application of the
results of the study to establishing supply policies at the
national level -- specifically at the National Inventory
Control Points (NICP's). However, as with any study based
on & mathematical model, the assumptions and analyses must
be subjected to careful technical scrutiny before the study
is given its aeid practical test in pilot supply applications.
This technical scrutiny was carried out by Lt. A. C. Stedry,
a young Ph.D., in Management Science with a strong mathemat-
ical background, who was assigned to the Quartermaster Corps'
Operational Mathematics Office. The results of his review
are reported in this, the seventh in the series of
Operational Mathematics Reports.

B. E,” KENDALL >

Brigadier General, USA
Acting Deputy The Quartermaster General
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ABSTRACT

As a part of their extensive contractual effort in the area
of economic inventory policies (EIP), Harbridge House of Boston,
Massachusetts, studied inventory policies at the national or whole-
sale level. Their work was reviewed by the Quartermaster Corps'
Operational Mathematics Office. It was foynd that though the
determination of operating levels is adequste, their approach to
the determination of safety levels has several flaws making their
recommended determination of safety levels inadequate. Mathe-
matical arguments are given for this criticism. BSince acceptable
alternative approaches are available, it is suggested that these be
used to determine national inventory policies.



INTRODUCTION

As a part of their extensive contractual effort in the area of
econamic inventory policies (EIP), Harbridge House of Bostaon,
Massachusetts, studied both the vholesale or national level policies
and retail policies. The Operational Mathematics Office has assisted
in the implementation of the retail policies. An Operatiomal Mathe-
matics Series Report on this assistance is now being prepared. It 1s
sufficient for purposes of the present report to say that it is gen-
erally agreed that the Harbridge House treatment of retail accounts
would be superior to the Army Field Stock Control approach and that
experience to date at posts, camps and statioms converted to the
Harbridge House approach bears this out.

The national level policies are another question, however. Here,
flaws in the approach that are minor in terms of application to retail
accounts may not remsain minor at all. Also other work on this subject
is available, and it is important to reviev the Harbridge House ap-
proach at this time so that a decision can be made on what procedures
would be best implemented. This was dane. The results of the review
are presented in this report.

The remainder of this report is divided into three major sectioms.
In the first, a complete summary of the conclusions reached in the
reviev is given. In the second, the mathematical arguments are devel-
oped that led to the chief criticisms of the Harbridge House approach.
In the third, the estimate of supply effectiveness’is discussed in
nmathematical terms.

A remark sbout the footnotes and formulas. BSuperscript numbers
inclosed in brackets will be used to indicate footnotes. References
are given in these footnotes. Formulas appearing in the mathematical
discussion will be indexed by numbers inclosed in theses. These
nubers will generally appear to the left ortherﬁ.t'—



SUMARY OF THE REVIEW

The Harbridge House approech has flaws which while not crucial
at installation level, would become crucial if a direct extrapolation
to the national level of a system devised on similsr principles were
made. More specifically, this extrapolation would result in gross
over-protection on some items (i.e., "dead stock") and vholly inade-
quate protection (i.e., poor supply performance) on others.

The determination of operating levels utilized by Harbridge
House is derived directly from the standard "optimm-lot-size" formula
vhich has been known for about U5 years. While it rests on fairly
restrictive assumptions -- fixed cost to reorder independent of pro-
curement value, holding cost proportional to dollar value of half the
operating level -- it has been found to give results that are close
to optimal for less restrictive assumptions. As refinements are
extremely complex and their incremental gain is small compared to the
gain that can be achieved through improvements in safety level proce-
dure, they will be ignored here.

The determination of safety levels in the subject procedure rests
on much less firm ground. The authors of EIP indicate a preference
for a gamma distribution to describe demand patterms. They bave not
attempted to determine whether this distribution in fact describes the
demand patterns reasonmably well (or at least do not report such an
attempt except to show that a few chosen items happen to look more
"gamma" than "Poisson"). Furthermore, the method used does not in
fact measure the variability of demend but assumes the demand vari-
ability to be related to the average order size. As they give no
proof that this relationship is an appropriate one, it is quite likely
that the safety levels chosen will either give too much protection or
too little -~ perhaps on most items in the same direction, perhaps not.
In any case, it is unlikely that the predicted probebilities will be
experienced in practice. The next major section of this report, en-
titled "Safety Levels", contains a mathematical summary of the Harbridge
House procedures and the mathematical arguments that led us to comclude
that the safety level procedures developed by Harbridge House are inade-
quate.

A second majJor objJection to the EIP methodology is its failure to
take into account the effect of procurement cycle on supply effective-
ness for a given safety level. If the assumptions about demand distri-
butions were correct, the safety levels camputed according to the



procedures would provide a 10% probability of stockout during lead

t:l.me[l] -- i.e., during ten periods following the placement of a
procurement action, a stockout would be expected in one of them.
But each time an item is procured, we are subject to’

stockout. Therefore, an item ordered monthly will be out of stock
six times as often as an item which is ordered once every six months
if a procedure is followed which gives the same protection against
stockout "across the board". I.e., if an item would have a 95% sup-
ply effectiveness if ordered twice a year, it would then have only
a T0% supply effectiveness if ordered monthly.

It should be pointed out that a 90% protection asgainst stockout
does not mean 90% supply effectiveness. Using the Harbridge Bouse
assumptions about distribution, it is possible to determine the
expected (average) number of demands which will be placed during a
lead time against zero stock for an item given the average number of
demands it will experience during a lead time and the probability of
stockout. The number of demands against zero stock expected per year
would then be equal to the expected number of demands during lead
time times the annual order frequency (the latter is the "operating
level factor" in Harbridge House parlance). Supply effectiveness can
then be expressed as follows:

% Supply effectiveness

=100 [ 1 - Bepected number of demands against zero stock per year ]
Expected number of demands per year

The supply effectiveness resulting from the procedures recosmended by
Harbridge House, if their assumptions about demand distribution are
correct, is shown in Table 1. A mathematical treatment of the method
used to relate protection against stockout to supply effectiveness is
shown in the last portion of this report.

[1] For procurement cycles of six months or less. For "annual buy"
items no safety level but a 30-day additional "order and ship time" ie

allowed or, in effect, a 30-day safety level. No probability of stock-
out 1s estimated.



TABLE 1. Per cent Supply Effectiveness for Selected Annual
Demand and Ordering Frequencies (Utilizing Harbridge
House Assumptions and Procedures for a 30-Day Lead

Time)
Operating Annual Demand Frequencx+
Level Factor* 6 12 24 T2
1 97.9 98.9 99.5 100.0*

97.2 98.4 99.1 9.4
ok L 96.8 98.2 98.8
91.6 95.1 97.3 98.2
83.2 90.3 9k.5 96.4

BO\#’I\)

* Thic term is used to refer to the annual ordering
frequency. An item which the agency pro- '
cures monthly will have an Operating Level tactor of
12, annually 1, etc.

#* The "annual buy" safety level is, in effect, 30 days'
supply. All others are computed on the basis of 90%
probability of no stockout during a lead time.

*'me average number of requisitions placed on the 4n.
ventory control point per year.

*'l'o 1 decimal-place accuracy.

The effect of demand frequency and ordering frequency on supply
effectiveness is readily seen from Table 1. Noting that the Harbridge
House assumptions probably underestimate variance, these supply effec-
tiveness percentages must be viewved as being maxima rather than actual.

Use of a more suitable distribution would undoubtedly lower the
vhole set, attenuate the effect of increasing demand frequency om
improved performance but markedly increase the deteriorating effect of
increasing procurement frequency. In any case there is apparently no
rationale provided for using a scheme which produces this markedly
differing performance.



It is Delieved that application of a scheme similar to the statiom
level scheme which uses (probably) the wrong distribution and an
irrational determination of safety levels would be very costly. It is
therefore recammended that, at national control points a more sophis-
ticated scheme be used. Such a scheme is contained in the series of

reports by the Operations Research Group at m[al or in wpublished
work done by the Operstional Mathematics Office for the Military General
Supply Agimay. Either of these approsches to national inventory policies
would be adequate and are entirely compatible with the esteblished

Bardridge House procedures in the posts, camps and statioms.

Project: RAmdamental
under cont




BAFETY LEVELS

I. Introduction.

The point to de made in this portion of the report 15[3]
that the safety levels presented by BHarbridge House, Inc.,
for economical inventory policies are not developed from the
proper use of the gamme distribution as claimed. We agree
with Harbridge House on the applicadility of the gmmma distri-
bution. In fact, this very agreement is the basis of our
objJections since, hy their treatment of the distributiom,
Barbridge House analysts have transformed the distribution
into samething else, as will be explained below.

It will be necessary from time to time to introduce some
mathematical formulse. It is our belief that the non-mathe-
matician may ignore these symbols while the techmician will be
sble to understand this section without baving to go through
the algebraic gymnastics himself. Since the suthors of the
Harbridge House reports have avoided writing down their assump-
tions in mathemstical form, the technician cannot render his
opinion as to the validity of their analysis in an hour or two.
Instead, he must spend an immense smount of time "finding out
vhat they did" before he can test its validity. This time
constraint may prove prohibitive, in which case the report may
pass through many hands, receive many signatures and even be
implemented, before receiving extemsive technical scrutiny.
The material discussed in this portion of the report is a case
in point.

II. The Gamma Distribution.

First, it is desirable to show, far the resder vho has some
mathematical training the meaning of this distribution. If x
is a gasma-distributed variadle, then the frequency distribution
of x may be expressed dy:

[3]8ee iu partioular, "Fi st Bconamic Invent

Repert No. 1, The Implemenvation e, ‘ . resder asy
be interested in seeing Reports Nos. 2,¢3, > in this series by

BRarbridge House.



o X/P P

(1) £(x) = o,

vhere p and B are "parameters” of the distribution. These
parsmeters, taken together, tell us two things about x: its
mean (or average) vhich shall be called u and its variance,

which shall be called o>. Specifically, as may be found in
standard statistical texts:

(2) u=p(p+1)

o® = pP(p + 1)

It should be clear to the nom-mathematical observer a3
vell as the mathematician that one must know (or be able to

mmu)mmmmmm[h]mmtoaeter-
aine p and p. Solving for p and f we obtain:

(3) B = o°/

again emphasixing the need to know two characteristics of the
stribution rather than one in order to define it. However,
House reports already refer-
red to that the plan presented requires only the estimate of
%_%—- not & variance, This, in itself is sufficient
a8

5
2
:
5

tﬂnﬁuedsymbndcmedoelnottlke
ility into account but only average demand and,
belovw, average demand size.

.
‘“or the standard deviation -- the square root of the variance.

-3



The process by vhich the two parameter gamma distribution
is reduced to a one-parameter distribution may appear complex
to the layman, but it is transparent to the mathematician.

If we call t the number of items demanded in a delivery
time, then the probability that t will be less than or equal
to some value x 1is expressed by the cumilative distributionm:

X e-t/B tp

(k) Fx) =/

dt.
o pPt

p!

A substitution can be made that renders this formila more
convenient for computation. Let y = t/B. Then:

(5) #(x) ={"° :-';,2 &

8ince:

(6) j.e'yy'p dy = p!
°
the expression for F‘x) beconesp]

[5 ]'BJe tables used for camputing values of the ¢ tive gamme distri-
bution are Karl Pearson (ed.), Tebles of the Incomplete Function,London:
His MaJjesty's Stationery Office, 1922. These tables make one further
substitution, namely: u = x/o

Then
%z.&_@,__um

o

and the function may be written:

I(ul,1>)=3’,:,L - T r oy
[f Ty

It remains, nevertheless, the probability that the number of items demanded
will be less than or equal to x.




x/B -y
M ) o B T

[V P oy
®

70 clear up any confusion that may exist on this point,
the denominator of the above expressiom, since the function

e yP 15 integrated over the entire range from zero to
infinity is as the "complete gamma function”, usually
denoted by &) (p+l) or more simply £® (pil)s In the
numerstor, the function is integrated over part of the range
(from zero to x/B) and in this case :I.t:¢I¢9norl:e<l.Iar,vr_['x/B (p+1).

It should be emphasized that there is nothing "unfinished"
about the incomplete gamma function.

The Cruc iom.

Although the substitution y = t/P in equation (5) is a
valid one, Harbridge House snalysts have carried this sub-
stitution into a transformation of the distribution. They

have defined B as the ave demand size and then assumed,
vithout any Justification ﬁt

(8) B = B.

There is no evidence provided for the validity of this assump-
tion. They have thus assumed that ihe probability, F(x), that
t, the mmber of items demanded during a delivery time, is

less than or equal to some number x, is equal to the probability
that the mmber of demands, during a delivery time, say y, is
less than or equal to & mumber z, vhere z = x/B. Mathematically,
this may be expressed as:

-t/p -
(9 Xx) -{ ‘p,il :’ at -[ !-;-;'3 &y = ¥(s)
P

vhere y = t/B and z = x/B.




The "safety level” is found by setting F(:) equal to 90%.
Although the claim is made that this gives a 90% protection
against stockout, in fact it gives only at best a 90% protec-

timminstthemmberofdmndsd_n_r_iggdelivegtmbegg
less o to the average mumber of demands -

sented by the reorder point. It assumes that eveg demand
8 same size. It fails to distinguish between two

demand patterns shown in Table 2 -- in fact, it assumes that

all demands received by an installation are of the Pattern 1

W - 1, l, 1, 1, 1 205, 205, 2.5, 205, 205} ete.

Table 2, Demand Patterns Considered Equivalent
by Barbridge House Flan

Items Demanded

Demand Pattern 1 Pattern 2
1 10 1
2 10 16
3 10 2
L 10 25
5 o _6

If this were the only difficulty involved in this assump-
tion, the plan might be tolerable. However, examination of
F(z) reveals another implicit assumption made by the crucial
one, f = B, The distridution of number of demands during a
lead time is & one-parsmeter distribution vhose variance 1is
equal to its mean and may in fact be represented by a Poisson
distribution. BSpecifically,

[6lox'der & Ghipping Time Quantity plus Safety Level.



(10) r(z)-/ —-1£dy= ; —.—zr3=1-G(p)

vhere the latter function (G (p)) is clearly a cumulative
Poisson with mean and variance equal to z. The reader will
find that by setting:

(11) P + 1 = aversge number of demands during
a delivery t:l.le”l

-z q_
and G(P)-l‘- -—r-

he may find the mean of the Poisscn distribution (z) in a
standard table of the cumlative Foisson vhich has these
properties. He can, in this manner duplicate the Safety

Level m[el for integral (whole number) values of p

without ever referring to the distrib\tticn.[9] The
Pearson "Tables of the Incomplete Function" cited above
are more convenient computationally; nevertheless the distri-
bution is & % one-parameter version of the accepted
% distri on the use of ge s with a

b ¢ name does not c .

[lpound, as in Table D of the Annex of the Draft Instruction section
of the Harbridge House report, "Installation of EIP at Stations" by
dividing annual demands by 12, 8 or 6 for 30-day, 45-day and 60-day Order
and Shi Time, respectively. These are known as OST factors.

(8 Table C of the Annex of the Draft Instruction section of the
Harbridge House Report. Since this report has occasional page numbers
and no section numbers, a more precise reference is difficult.

I:911‘01' non-integral values of p, z may be found by graphical
interpolation, within the limits of accuracy required by the table.



In either case, once £z is found, the Safety Level Factor
may be found in the manner used by Harbridge Bouse.
Let A = ammual items demanded
t = months in order and ship time

n = agverage number of demands in an order
and ship time

B = average demand size
u = average number of items demanded per momth.
Then:

(12) Bafety level Quantity + Order and Ship Time Quantity = £B,
Order and Sudp time Quantity = 3% = ut = nB

and
Safety Level Quantity = 5B - 45
(3) =8 - 3
=M E-2)
] m&trﬁm
Ths,
(14) Safety Level Mactor = prai



and, incidentally,

(15) Order and Ship Mme Pactor = 2= .

These formulae will be found comparable to those of
Barbridge House with u = x/n  used, rather than z, and the

results are, of course, the same. 10

It may appear that the question of whether or not the
function actually used is a cumulstive Poisson rether than
Gaama distribution is acedemic. Apparently Earbridge House
investigators did not think so, and emphasized the need for
o gamma distribution although, in fact they used a distri-
bution with Poisson properties. The safety levels used fail
to differentiate between an ‘tem that is demanded once a
month "like clock work" and an item which has 12 demands in
one month and none for the rest of the year. This would
result in excessive safety levels om some items and precti-
cally no protection on others.

Recammendations.

A first step forward would be to use the bona-fide gamms
distribution. This would require estimates of both average
demand and variance of demand. But, if the Department of

Defense Instruction'™] s to be followed, taking into account
both size of demand and variability of demand, this additiomal
calculation is necessary. BSome compensating simplification can
be attained by substituting a "reorder point" for the cumber-
some process of having an order and ship time quantity.

uﬁ;t should be obvious that a simplification could be brought

about by eliminating the fiction of a separate Safety Level and Order
end Ship Time Quantity. A "Reorder Point" = zB computed by the use of
8 "Reorder Foint Factor" = 12n/zt would simplify matters comsiderably
for the "man on the Job" -- but this is a relatively minor criticism.

[n]DOD Instruction 4140.11, 24k June 1958.



This could be done as follows:

Ietxibethemmtdmdedintheithnonth,

i‘l,oooo’n

Then -fa-}-:'-n—&

n
L (x, - %7
i=1

-
°x ne-1

For a one month order and ship time, B and p can be very
simply calculated:

W
"
] quro

X
P-g'l

For an order and ship time of t months, letyi'bet.he
-omtmmtheathordernndehiptmperiod. We can
then estimate y and 05 by the following formulse:

y=tXx

2
=tox

<«

and, from this,



An alternative procedure is to adopt the stuttering

Poisson distribution described by Herbert Galliher. [12]

This distribution is derived by assuming that the intervals
between demands are randomly distributed and that the demand
size is geametrically distributed. This seems to be a more
satisfying charscterization of the system and the average
demand size B is a true parsmeter of the system (rather than
an arbitrarily sssumed parsmeter) thus possessing the’
simplification of the Harbridge House method without the
artificiality.

The mean and variance, cry, of the stuttering Poisson
during lead time has been found to be:

;sut

O'y='~}23-l N ut

vhere y is the average use during lead time, u is the average
monthly demand and t the mumber of months during lead time.
The stuttering Poisson, for sufficiently large B is approxi-
mately normal vith parsmeters as shown. The gammea assumption

[12)np)terin Technical Report No. 9", MIT Project Fundamental
Invest%tiom in Methods of %tims Research under Contract DA-
19-020- , Ordnance R&D J. No. 001, August 1958. Also see
"Interim Technical Report No. 7", July 1957, and "Final Report of MIT

gguggly Control Procedure and Recommendations on Implementation", August

15



Thus the Harbridge HEouse assumption gives a lower variance
than the more reascnable assumptions about distribution and
becames progressively lower as B grows large. A recent
informal commmication from the Director of the ™IT Invemtory
Research Implementation Committee", OOR, indicates that at
national level, even the stuttering Foisson is underestimating
the variance. The Harbridge Nouse assumptions at NICP's would
thus be likely to grossly exaggerste the amount of protectiom
provided by a given level.



I.

MEASURING SUPPLY EFFECTIVENESS

Computation of Expected Value of Number of Stockouts During Leed Time.

Assume that F(x), the probability that demand will not
exceed the reorder point, x, in units may be expressed:

(16) ?(x) = {. %ﬁ ay

vhere z = x/B (the reorder point expressed in terms of mmber
of demands of size B) and y = t/B (the number of demands of size
B occurring during lead time), and p + 1 = sverage number of

demands during lead time. 23] e expected mmber of demands
occurring against zero stock during leed time is the expected
values of s, the nmumber of units stockout vhere:

s=0 y<g
S8=y-2 Y22

Using E(x) to represent expected value of x,

Ko« f s SE - [ o0 a

As this 1s not & omvenient form foxr tabulaking purposes, we
may revrite it as

[13]8ee Page 10 of this report.

17




II.

K= [ vy [ S8 &
]

]
e [ T S S

In this form the expected number of stockouts can be computed
for given z from tables of Pearson (op. cit.), or, for integral
values of p,

ptl _-% 4 P -k _4q
Xs) =(p+1l) = _r_e i .z = -—-rL-°
gm0 gm0 1

can be camputed from a Poisson table.
tion of Effectiveness.
Let
N = mumber of demands occurring annually
P = mmber of months in procurement cycle

Then the expected nmumber of demands against zero stock during ome
year is equal to the procurement frequency times the E(s) or

B(s) x 12

The proportion of demands during the year which occur at zero
stock is then:

o
X
R

PxN



$supp.‘|;etfectimu-loo[l-l—27x-ﬁg]

Of course, E(s), N and P will not be known precisely and,
taking the risk of introducing bias for the sake of computational
ease, we vill assume that:

Bstimated § Bupply effectiveness = 100 [1 - 12: 8l -
X

vhere € 13 the estimate of x.

19
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